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Microwave response and surface impedance of weak links
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~Received 7 May 1997!

The behavior of superconducting weak links in an ac magnetic field is considered. Both small and long
uniform junctions are analyzed. Analytical results are presented for various limiting cases. The general case is
solved numerically for different parameter choices and the results are presented. Both similarities and signifi-
cant differences are found between the small junction and the long uniform junction.@S0163-1829~97!02845-2#
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I. INTRODUCTION

The response of Josephson junctions to ac disturba
has been the subject of an enormous amount of research
the last several decades. Shapiro steps,1 I -V
characteristics,2,3 and chaos4,5 have been extensively studie
both experimentally and theoretically.

The microwave response of superconducting weak li
continues to be of considerable interest at the pres
time.6–9 Much of this interest stems from the desire to u
high-temperature superconductors~HTS’s! in passive micro-
wave devices such as filters for wireless communication.10–13

Samples of HTS’s are often granular in composition, cons
ing of superconducting grains coupled to one another
grain-boundary junctions.14 This granularity leads to nonlin
ear effects such as harmonic generation~HG! and two-
frequency intermodulation~IM !, and also to a dependence
the surface impedance on the amplitude of the ac field.15,16

These nonlinearities can cause various problems in de
applications. One consequence of the field dependence is
the low-power surface impedance is no longer a suffici
figure of merit. Instead, the surface impedance must be
termined at the specific power at which the device will
operated.17 The occurrence of IM in filters can cause pro
lems such as the generation of spurious targets in ra
receivers.17 A thorough understanding of all these nonline
effects is essential before high-quality devices can be
signed and constructed. Nonlinear effects characteristic
uniform Josephson junctions have also been reported
cently in single crystals of Bi2Sr2CaCu2O8 and
YBa2Cu3O6.95.

6,7

Josephson effects and granularity in HTS’s have b
modeled previously by various authors. Clem,18 Dersch and
Blatter,19 Tinkham et al.,20,21 and Sonin and Tagantsev22

have independently modeled a granular HTS as an arra
weakly Josephson-coupled, strongly superconducting gra
A Ginzburg-Landau approach was employed in which
array was approximated as a continuous medium chara
ized by effective Ginzburg-Landau parameters~coherence
length, penetration depth, critical fields, etc.!. Analogies
were then drawn between granular HTS’s and ordin
type-II superconductors. Hyltonet al.23 treated the residua
high-frequency losses in HTS’s using a coupled-grain mo
in which the grains were taken to be purely inductive and
weak links were modeled using the resistively shunted ju
tion ~RSJ! model. This approach has been employed a
560163-1829/97/56~22!/14723~10!/$10.00
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expanded by various authors.8,24–26Halbritter has considered
various regimes of the field, frequency, and temperature
pendence of the surface impedance of HTS’s.27–29

The purpose of this paper is to treat the nonlinear
sponse of a single Josephson junction in an applied ac m
netic field. In Sec. II we treat the case of a small junctio
The resistance, reactance, and third-order harmonic gen
tion components are calculated as a function of the amplit
of the current flowing through the junction. In Sec. III th
behavior of a long uniform junction is analyzed. In Sec. IV
brief review of previous work on Josephson junction arra
is given. The results of this paper are summarized in Sec

II. SMALL, SINGLE JUNCTIONS

Penetration of magnetic flux into a Josephson junct
occurs on a length scale characterized by the Josephson
etration depthlJ . A Josephson junction is small if all its
dimensions transverse to the magnetic field are smaller
lJ . The ac properties of a junction satisfying this criterio
are most easily treated using the resistively and capacitiv
shunted junction~RCSJ! model.216,30 In this model the Jo-
sephson junction is modeled by an ideal junctionJ shunted
by a resistanceR and a capacitanceC to form a parallel

FIG. 1. The circuit used to represent an actual Josephson j
tion in the RCSJ model. An ideal junctionJ is shunted by a resis-
tance R and a capacitanceC. The transport currentI T flowing
through the junction is the sum of three terms: a supercurrenI S

through the ideal junction, a normal currentI N through the resis-
tance, and a displacement currentI D through the capacitance.
14 723 © 1997 The American Physical Society
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14 724 56J. McDONALD AND JOHN R. CLEM
circuit ~see Fig. 1!. The current flowing through the circui
I T , can be thought of as the superposition of a supercur
I S , a normal currentI N , and a displacement currentI D . The
normal current is caused by the flow of quasiparticles acr
the junction, while the displacement current is due to
time-varying electric field between the superconducting e
trodes. The supercurrent, which flows through the ideal ju
tion, is given by the Josephson relation

I S5I 0sinDg, ~1!

whereI 0 is the critical current of the junction andDg is the
gauge-invariant phase difference across the junction.
normal current and the displacement current are given b

I N5
V

R
~2!

and

I D5C
d

dt
V, ~3!

whereV is the voltage drop across the junction. The relat
betweenV andDg is

V~ t !5
f0

2p

d

dt
Dg~ t !, ~4!

FIG. 2. The resistanceR1 and reactanceX1 vs « for the RSJ
model whenI !1 @see Eqs.~15! and ~16!#. R1 increases from zero
quadratically with increasing« and quickly approaches the shuntin
resistanceR. X1 initially increases linearly with increasing«, goes
through a maximum at«51/2p, and then decreases to zero as 1«
as «→`. When «51/2p the shunting resistance is equal to t
Josephson reactance (R5vLJ5f0v/2pI 0), andR15X15R/2.
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-
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where f05h/2e52.07310215 V s is the superconducting
flux quantum. Combining Eqs.~1!–~4! yields

I T5I S1I N1I D5I 0sinDg~ t !1
f0

2pR

d

dt
Dg~ t !

1
f0C

2p

d2

dt2
Dg~ t !. ~5!

For a given transport current we can determineDg(t) by
solving Eq.~5!. In microwave applicationsI T typically varies
sinusoidally,I T5I T0 sin(vt). In this case Eq.~5! becomes

1

4p2 S v

vp
D 2 d2

dt82 Dg~ t8!1«
d

dt8
Dg~ t8!1sinDg~ t8!

5I sin~2pt8!, ~6!

where t85t/T5vt/2p, vp5A1/LJC, «5vLJ/2pR,
LJ5f0/2pI 0 , and I 5I T0 /I 0 . The frequencyvp is the
plasma frequency of the junction. Equation~6! has been
shown to have chaotic solutions in certain parame
regimes.4,5 This can complicate the calculation of the surfa

FIG. 3. The resistanceR1 ~top! and reactanceX1 ~bottom! vs I
in the RSJ model for three different values of«. When« is small,
there are very sharp jumps. These jumps occur because of bifu
tions in the gauge-invariant phase differenceDg. Arrows indicate
jumps at values ofI for which bifurcations inDg versus t are
illustrated in Fig. 5. As« increases, the bifurcations move to larg
values of I , and successive bifurcations are spaced further ap
This causes the sharp steps to become broadened, to becom
frequent, and eventually to disappear completely.
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56 14 725MICROWAVE RESPONSE AND SURFACE IMPEDANCE OF . . .
impedance because the solution can be aperiodic. For
driving frequenciesv!vp , Eq. ~6! reduces to

«
d

dt8
Dg~ t8!1sinDg~ t8!5I sin~2pt8!. ~7!

The steady-state solution of Eq.~7! is periodic in the variable
t8, with a period equal to 1. The voltage drop given by E
~3! will also be periodic with the same period. Therefore,
may expandV in a Fourier series,

V~ t8!5I T0(
n51

`

@Rnsin~2pnt8!1Xncos~2pnt8!#, ~8!

where the coefficients are given by

Rn5
2

I T0
E

0

1

V~ t8!sin~2pnt8!dt8 ~9!

and

Xn5
2

I T0
E

0

1

V~ t8!cos~2pnt8!dt8. ~10!

The coefficientR1 is related to the time-averaged dissipat
powerPdiss,

Pdiss5E
0

1

I T~ t8!V~ t8!dt85
1

2
I T0

2 R1 . ~11!

Equation~11! indicates thatR1 is the resistance. The coeffi
cient X1 is the reactance. Forn.1 the coefficients are re
lated to the generation of higher harmonics by the juncti

In the limit of small transport current,I !1, Dg!1, and
sinDg.Dg. In this case Eq.~7! can be linearized,

«
d

dt8
Dg~ t8!1Dg~ t8!5I sin~2pt8!. ~12!

The steady-state solution of Eq.~12! is

Dg~ t8!5
I

114p2«2 @22p« cos~2pt8!1sin~2pt8!#,

~13!

and the resulting expression forV(t8) is

V~ t8!5I T0R
2p«

114p2«2 @2p« sin~2pt8!1cos~2pt8!#.

~14!

By comparing this with Eq.~8! one can see that

R15
4p2«2

114p2«2 R ~15!

and

X15
2p«

114p2«2 R. ~16!

These expressions are plotted as a function of« in Fig. 2.
There is a local maximum inX1 at «51/2p. At this value of
w

.

.

« the shunting resistanceR is equal to the Josephson rea
tancevLJ andR15X15(1/2)R.

In the opposite limit of large transport current,I @1,
I N@I S , andI S can be neglected in Eq.~7!,

«
d

dt8
Dg~ t8!5I sin~2pt8!. ~17!

The resultingV(t8) is

V~ t8!5I T0R sin~2pt8!, ~18!

which implies R15R and X150. This is also the solution
when«@1.

In general, however, Eq.~7! must be solved numerically
This has been done previously by various authors.8,9,31–33

Figure 3~a! showsR1 versusI for three different values of«.
When«!1, there are very sharp steps inR1 for I .1 ~A and
B, for example!. Corresponding steps also are seen inX1 ,
R3 , and X3 for small «, as shown in Figs. 3~b!, 4~a!, and
4~b!, respectively. ForR1 , the step heights decrease in ma
nitude with increasingI , and whenI @1, R1.R, as ex-
pected. The sharp steps occur at values ofI for which there
are bifurcations in the solutions of Eq.~7!. Figure 5~a! shows
the first two bifurcations~marked A and B in Figs. 3 and 4!
for «50.01. These bifurcations cause sudden changes in
voltage dropV(t) given in Eq.~4!. As shown in Fig. 5~b!, for
I 51.064 there is a negative voltage pulse neart850.4 and a
positive voltage pulse aroundt850.9, while for I 51.065
there is positive pulse neart850.4 and a negative one nea
t850.9. The voltage responses atI 51.198 andI 51.199 also
differ from each other by a change in sign of voltage puls
in the neighborhood oft850.4 andt850.9. Therefore, the
sharp features in the curves ofR1 , X1 , R3 , and X3 corre-
spond to the inversion of a voltage pulse at two differe
times during one cycle of the alternating current. As« is
increased, the bifurcations in the solution move to larger v
ues ofI , and the spacing between them becomes larger.
steps inR1 are therefore broadened@see Fig. 3~a!#. As «→`,
all the bifurcations are pushed to infinitely large values ofI ,
andR1→R. The curves in Fig. 3~a! indicate that this transi-
tion is approached quite rapidly.

III. LONG, UNIFORM JUNCTIONS

A Josephson junction is long if one of its dimensio
transverse to the magnetic field is much larger thanlJ . In
this case the RCSJ model no longer gives an adequate
scription of the ac properties of the junction.

Consider a semi-infinite superconductor (x.0) contain-
ing the junction pictured in Fig. 6. The entire regionx.0,
except for a slab of thicknessdi centered on thex-z plane, is
occupied by a superconductor with London penetration de
l. The slab consists of a nonsuperconducting materia
resistivity r i and permittivity e. There is an applied field
Ba5Ba0 sin(vt)ẑ in the regionx,0. The Josephson penetra
tion depth for this junction islJ5Af0 /(2pm0J0d), where
the magnetic thicknessd is given byd52l1di andJ0 is the
critical current density of the junction. The relation betwe
the gauge-invariant phase difference across the junc
Dg(x,t) and the magnetic field along the junctionbz(x,t) is
given by21
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14 726 56J. McDONALD AND JOHN R. CLEM
bz~x,t !52
f0

2pd

]

]x
Dg~x,t !. ~19!

The relation betweenDg(x,t) and the electric field acros
the junctioney(x,t) is

ey~x,t !5
f0

2pdi

]

]t
Dg~x,t !. ~20!

The current density across the junctionJy(x,t) is given by

Jy~x,t !5J0sinDg~x,t !1
ey~x,t !

r i
. ~21!

The first term is the Josephson relation for the supercur
density and the second term is the normal leakage cur
density. Jy(x,t) is related tobz(x,t) and ey(x,t) by Am-
père’s law with a displacement current,

2
]

]x
bz~x,t !5m0Jy~x,t !1m0e

]

]t
ey~x,t !. ~22!

By combining Eqs.~19!–~22!, we obtain a single equatio
for Dg(x,t),

]2

]x82 Dg~x8,t8!2
1

4p2 S v

vp
D 2 ]2

]t82 Dg~x8,t8!

FIG. 4. The third harmonic responsesR3 ~top! andX3 ~bottom!
vs I in the RSJ model for the same three values of« as in Fig. 3.
When « is small, there are very sharp oscillations. These osc
tions, which occur because of bifurcations in the gauge-invar
phase differenceDg, have a behavior similar to the behavior d
scribed in the caption to Fig. 3. Arrows indicate steps at valuesI
for which the bifurcations are shown in Fig. 5.
nt
nt

-
nt

FIG. 5. Plots of the gauge-invariant phase differenceDg(t) ~a!
and voltage dropV(t)5(f0/2p)dDg(t)/dt ~b! vs t, for «50.01,
showing the first two bifurcations. The first bifurcation occurs be
tween I 51.064 andI 51.065, and the second betweenI 51.198
and I 51.199. The bifurcations occur becauseDg slips by 2p. For
clarity, the voltage curves are offset in the vertical direction.

FIG. 6. Geometry of a long Josephson junction. The regio
x.0, excluding a slab of thicknessdi centered on thex-z plane, is
occupied by a superconductor with London penetration depthl.
The slab-shaped barrier region is characterized by a resistivityr i .
An ac magnetic fieldBa is applied parallel to thez axis. A weak
field will penetrate into the superconductor a distancel from the
surfacex50. The length of penetration along the barrier region
given by lJ5Af0/2pm0J0d, where J0 is the Josephson critical
current density of the junction andd52l1di is the magnetic thick-
ness of the junction.
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2a
]

]t8
Dg~x8,t8!

5sin Dg~x8,t8!, ~23!

wherex85x/lJ , t85t/T5vt/2p, vp5A1/LJCJ, a5vLJ/
2pr idi , CJ5e/di , and LJ5f0/2pJ0 . There is also a
boundary condition atx850,

F ]

]x8
Dg~x8,t8!G

x850

522pF sin~2pt8!, ~24!

whereF5(Ba0lJd)/f0 . The coefficienta is a damping pa-
rameter which arises because of the electrical connection
tween the superconductors. In the limitr i→`, a50 and Eq.
~23! reduces to the usual sine-Gordon equation.21 The fre-
quencyvp is the plasma frequency of the junction and
usually in the infrared region of the spectru
(vp.1012 rad/s). For microwave application
v.109 rad/s,10,13and sov!vp ; therefore, Eq.~23! reduces
to

]2

]x82 Dg~x8,t8!2a
]

]t8
Dg~x8,t8!5sinDg~x8,t8!.

~25!

The steady-state solution forDg(x8,t8) is periodic in t8
with period unity. The electric field given by Eq.~20! is also

FIG. 7. ResistanceR1 and reactanceX1 of a long uniform junc-
tion vs damping parametera for F!1. R1 increases from zero with
increasinga and quickly approaches the limiting valuer i /dJ . X1

initially increases with increasinga up to a value larger than th
limiting value r i /dJ , then slowly approaches the limiting valu
from above asa→`.
e-

periodic with the same period. Therefore,ey(x850,t8) may
be expanded in a Fourier series,

ey~0,t8!5Ha0(
n51

`

@Rnsin~2pnt8!1Xncos~2pnt8!#,

~26!

whereHa05Ba0 /m0 , and the coefficients are given by

Rn5
2

Ha0
E

0

1

ey~0,t8!sin~2pnt8!dt8 ~27!

and

Xn5
2

Ha0
E

0

1

ey~0,t8!cos~2pnt8!dt8. ~28!

By the Poynting theorem, the power per unit height absor
by the surfacePabs8 is given by

Pabs8 5E
0

1

dt8E
2`

`

dy@E3H#x850 . ~29!

The only nonzero contribution comes from the regi
2di /2,y,di /2, where the electric field is given by Eq
~26!. Inserting Eq.~26! into Eq. ~29! yields

FIG. 8. ResistanceR1 ~a! and reactanceX1 ~b! of a long, uni-
form junction vsF for three different values ofa. Whena is small,
sharp features~C, D, E, F, and G! are visible. These features occu
because of changes in the number of Josephson vortices in
barrier region. As the damping parametera increases, the threshol
for vortex nucleation is pushed to larger values ofF and the vortex
dynamics play a less significant role. This causes the sharp fea
to become broadened and eventually to disappear completely.
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14 728 56J. McDONALD AND JOHN R. CLEM
Pabs8 5
1

2
diHa0

2 R1 , ~30!

which implies thatR1 is proportional to the surface resis
tanceRs . If the length of the sample in they direction is
equal toL, or if there is an array of long junctions space
along the y direction with periodicity lengthL, then
Rs5(di /L)R1 . We ignore here the energy dissipated v
quasiparticles~normal fluid! within l of the surface of the
superconductor. Similarly, the surface reactanceXs is given
by Xs5(di /L)X11(12di /L)m0vl. The second term inXs
is due to the electric fields that accelerate the screening
rents near the surface of the superconductor.

In the limit of small applied field,F!1, sinDg.Dg, and
Eq. ~25! can be linearized,

]2

]x82 Dg~x8,t8!2a
]

]t8
Dg~x8,t8!2Dg~x8,t8!50,

~31!

with the boundary condition given by Eq.~24!. The steady-
state solution forDg(x8,t8) is

FIG. 9. Third harmonicsR3 ~a! and X3 ~b! vs F for a long,
uniform junction for three different values ofa. Whena is small,
there are some sharp features~C, D, E, F, and G! visible that are
associated with the nucleation of Josephson vortices in the ba
region. Asa increases, the threshold for vortex nucleation is push
to larger values ofF and the vortex dynamics play a less significa
role in the electrodynamic properties of the junction. This cau
the sharp features to become smoother and eventually to disap
completely.
r-

Dg~x8,t8!52
2pF

a21b2 e2ax8@a sin~bx822pt8!

1b cos~bx822pt8!#, ~32!

where

a5~114p2a2!1/4cosS 1

2
tan21~2pa! D ~33!

and

b5~114p2a2!1/4sinS 1

2
tan21~2pa! D . ~34!

The electric field at the surface is given by

ey~0,t8!5Ha0

r i

lJ

2pa

a21b2 @a cos~2pt8!1b sin~2pt8!#,

~35!

so that

R15
r i

lJ

2pab

a21b2 5
r i

lJ

2pa

~114p2a2!1/4 sinS 1

2
tan21~2pa!D

~36!

and

ier
d
t
s
ear

FIG. 10. Profiles ofbz(x,t) versusx for a long uniform junction
with a50.005 atF50.32, just before the first vortex nucleatio
process will occur. The top figure corresponds to the externa
field decreasing from1Ba0 to 2Ba0 , and the bottom figure corre
sponds to the external ac field increasing from2Ba0 to 1Ba0 . The
external field is screened by the junction on a scale of a fewlJ .
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X15
r i

lJ

2paa

a21b2 5
r i

lJ

2pa

~114p2a2!1/4 cosS 1

2
tan21~2pa!D .

~37!

Figure 7 showsR1 andX1 as functions ofa. In the opposite
limit of large applied field, F@1, ey(x8,t8)/
r i@J0 sinDg(x8,t8), and Eq.~25! becomes

]2

]x82 Dg~x8,t8!5a
]

]t8
Dg~x8,t8!, ~38!

with the boundary condition given by Eq.~24!. The solution
for Dg(x8,t8) is

Dg~x8,t8!52FAp

a
e2Apax8@sin~Apax822pt8!

1cos~Apax822pt8!#, ~39!

which gives

ey~0,t8!5Ha0

r i

lJ
Apae2Apax8@cos~2pt8!1sin~2pt8!#

~40!

FIG. 11. Profiles ofbz(x,t) vs x for a long, uniform junction
with a50.005 atF50.33, just after the first vortex nucleation pro
cess~feature C in Figs. 8 and 9! has occurred. The top figure co
responds to the external ac field decreasing from1Ba0 to 2Ba0 .
The bottom figure corresponds to the external ac field increa
from 2Ba0 to 1Ba0 . When the external field is zero, there
clearly either a vortex~top figure! or an antivortex~bottom figure!
trapped in the junction. The field-increasing and field-decreas
profiles ofbz(x) are mirror images of each other.
and

R15X15
r i

dJ
, ~41!

where we have defined the Josephson skin de
dJ5lJ /Apa5(2r idi /m0dv)1/2. This is also the result for
the limit of large damping,a@1. Thus, at high fields or large
damping the junction behaves like a normal metal with r
sistivity r i and skin depthdJ . The reason for this is that in
these two limits the magnitude of the normal current is mu
larger than the magnitude of the supercurrent, and the nor
current, therefore, dominates the behavior of the junction

In general Eq.~25! must be solved numerically. Figure
8~a! showsR1 versusF for three different values ofa. For
the smallest value ofa, there are sharp jumps inR1 ~C, D,
and E for example! which decrease in amplitude asF in-
creases. ForF*1, R1 quickly approaches the saturatio
valuer i /dJ . As a increases, the sharp steps become broa
until they disappear completely andR1 approachesr i /dJ for
all values ofF. From Fig. 10~a!, below, it is apparent that
this limit is approached even for very modest values ofa.
The behaviors ofX1 , R3 , andX3 vs F for the same values of
a are shown in Figs. 8~b!, 9~a!, and 9~b!, respectively.

g

g

FIG. 12. Profiles ofbz(x,t) vs x for a long uniform junction
with a50.005 atF50.41, just before the second vortex nucleatio
process~feature D in Figs. 8 and 9! will occur. The top figure
corresponds to the external ac field decreasing from1Ba0 to
2Ba0 . The bottom figure corresponds to the external ac field
creasing from2Ba0 to 1Ba0 . When the external field is zero there
is clearly either a vortex~top figure! or an antivortex~bottom fig-
ure! trapped in the junction.
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14 730 56J. McDONALD AND JOHN R. CLEM
The sharp jumps and fine features~C, D, E, F, and G! in
Figs. 8 and 9 fora50.005 are caused by changes in th
number of Josephson vortices in the junction. The nucleat
of a vortex at the first jump~C! in R1 is depicted in Figs. 10
and 11. Several field profiles are shown as the field at
surface changes through one period. Just below the jum
shown in Figs. 8 and 9 (F50.32) the field decays from the
surface~see Fig. 10! and there are no vortices visible. How
ever, just above this jump (F50.33) ~Fig. 11!, there is
clearly a vortex trapped in the junction during one half cyc
and an antivortex trapped during the other half cycle. T
nucleation process at the second jump~D in Figs. 8 and 9! is
shown in Figs. 12 and 13. Just below the jump (F50.41)
there is either a single vortex or a single antivortex inside
junction. Just above the jump (F50.42) there are two vor-
tices trapped during one half cycle but only one antivort
trapped during the other half cycle. At the third jump~E in
Figs. 8 and 9!, the symmetry between the two half cycles
restored, so that there is a two-vortex–two-antivortex st
~Figs. 14 and 15!. There is another shift to an asymmetr
three-vortex–two-antivortex state at the fourth jump~F in
Figs. 8 and 9!, and the symmetry is then restored to a thre

FIG. 13. Profiles ofbz(x,t) vs x for a long uniform junction
with a50.005 atF50.42, just after the second vortex nucleatio
process~feature D in Figs. 8 and 9! has occurred. The top figure
corresponds to the external ac field decreasing from1Ba0 to
2Ba0 . The bottom figure corresponds to the external ac field
creasing from2Ba0 to 1Ba0 . When the external field is zero, ther
is clearly either a pair of vortices~top figure! or a single antivortex
~bottom figure! trapped in the junction. The field-increasing an
field-decreasing profiles ofbz(x) are no longer mirror images of
each other.
n
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vortex–three-antivortex state at the fifth jump~G in Figs. 8
and 9!. The asymmetry occurring between the second a
third jumps ~D and E in Figs. 8 and 9!, and between the
fourth and fifth jumps~F and G in Figs. 8 and 9!, leads to the
generation of second harmonics, as shown in Fig. 16. T
signs of R2 and X2 depend on whether the jump is ap
proached from below~increasingF! or above~decreasing
F!. This effect occurs because the direction that the symm
try is broken~more vortices than antivortices or vice versa!
depends on the previous history of the junction.

IV. JOSEPHSON JUNCTION ARRAYS

Josephson junction arrays have been studied previou
by various authors.34–36Here we offer only a brief summary
of some of the previous work in order to compare it with th
results of this paper.

Consider a three-dimensional cubic lattice of isotropic s
perconducting grains, with lattice spacinga. For simplicity
we assume that the grain size is smaller than the Lond
penetration depth characterizing each grain, so that we m
neglect the effects of intragranular screening currents.18 Each

-

FIG. 14. Profiles ofbz(x,t) vs x, for a long uniform junction
with a50.005 atF50.45, just before the third vortex nucleation
process~feature E in Figs. 8 and 9! will occur. The top figure
corresponds to the external ac field decreasing from1Ba0 to
2Ba0 . The bottom figure corresponds to the external ac field i
creasing from2Ba0 to 1Ba0 . When the external field is zero there
is clearly either a pair of vortices~top figure! or a single antivortex
~bottom figure! trapped in the junction, and the field-increasing an
field-decreasing profiles ofbz(x) still are not mirror images of each
other.
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grain is coupled to each of its nearest neighbors by a Jose
son junction with coupling energyEJ5f0I 0/2p. We may
define a macroscopic critical current densityJ05I 0 /a2. The
response of the array to a weak magnetic field is Meiss
like with a screening lengthlJ5Af0/2pm0aJ0.18,20–22For a
weakly coupled arraylJ@a, and the array can be approx
mated as a continuous medium from the standpoint of
electromagnetic response. In this limit, Josephson fluxo
will penetrate the sample when the applied field reaches
valueHc1J5(f0/4plJ

2)ln(lJ /jJ) wherejJ.a/2.18,20,21

In the limit of strong Josephson coupling between t
grains,lJ!a and the discrete nature of the array becom
very important. For weak fields, the array will be screen
from the applied field. When the applied field becomes lar
enough, flux will begin to penetrate in from the surface. T
characteristic size of a Josephson vortex islJ , which in this
limit is much smaller than the plaquette size. Therefore,
concept of a Josephson vortex is not very useful for stron
coupled arrays.35

Instead we may think in terms of elementary excitatio
that consist of a phase change of 2p when the contour encir-
cling a flux penetrated plaquette is traversed. The numbe

FIG. 15. Profiles ofbz(x,t) vs x for a long uniform junction
with a50.005 atF50.46, just after the third vortex nucleation
process~feature E in Figs. 8 and 9! has occurred. The top figure
corresponds to the external ac field decreasing from1Ba0 to
2Ba0 . The bottom figure corresponds to the external ac field
creasing from2Ba0 to 1Ba0 . When the external field is zero ther
is clearly either a pair of vortices~top figure! or a pair of antivor-
tices~bottom figure! trapped in the junction, and the field-increasin
and field-decreasing profiles ofbz(x) again are mirror images of
each other.
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excitations in a given plaquette is equal to the number of fl
quanta that are trapped in it. Because of the discrete natu
the array, there is a pinning energy proportional toEJ asso-
ciated with these excitations.34 It has been demonstrated nu
merically that these excitations form a critical state ana
gous to the Bean critical state in a type-
superconductor.35,36 The surface resistance and reactance
the Bean model are Rs5(2vBa0/3pJc) and
Xs5(vBa0/2Jc), whereJc is the macroscopic critical cur
rent density. This limit has been studied experimentally
Fisheret al.37

V. SUMMARY

We have analyzed the response of both small and lo
uniform Josephson junctions to ac fields or currents w
frequencies much smaller than the Josephson plasma
quency. In both cases the behavior of the junction was fo
to be strongly dependent on the strength of the resis
damping. For small damping, sharp features were found
the resistive, reactive, and higher-harmonic responses
function of the ac field amplitude. In the case of small jun
tions, the sharp features are caused by bifurcations, orp

-

FIG. 16. Second harmonicsR2 andX2 vs F, for a long uniform
junction with a50.005. These harmonics are generated by
asymmetry in the field profiles between the two half periods
oscillation of the external field, as illustrated in Figs. 13 and 14. T
sign of these harmonics depends on whether it is a vortex nu
ation process~increasingF! or a vortex exit process~decreasingF!.
The difference in sign occurs because the direction of the asym
try ~more vortices than antivortices or vice versa! depends on the
previous history of the junction.
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phase slips, in the gauge-invariant phase difference ac
the junction. In the case of long, uniform junctions, the sh
features are due to changes in the number of Josephson
tices in the junction. For both small and long, uniform jun
tions the resistive response saturates at large ac curren
plitudesI T0 or ac field amplitudesBa0 . This behavior is in
contrast to a strongly coupled Josephson array which
haves like a type-II superconductor in the Bean critical st
with a surface resistance that grows linearly withBa0 .

Some of the vortex nucleation processes in long, unifo
junctions were found to create asymmetric field profiles
tween the two half periods of oscillation of the external fie
pl

nd
cs

s,

ith
M
i-

ir-

hy

S

a

ss
p
or-

m-

e-
e

-
.

These asymmetric field profiles lead to the generation of s
ond harmonics. The signs of the second harmonics for
creasing applied field were found to be opposite to those
increasing applied field.
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